W e consider a general model of monopoly price discrimination and characterize the conditions under which price discrimination is and is not profitable. We show that an important condition for profitable price discrimination is that the percentage change in surplus (i.e., consumers' total willingness to pay, less the firm's costs) associated with a product upgrade is increasing in consumers' willingness to pay. We refer to this as an increasing percentage differences condition and relate it to many known results in the marketing, economics, and operations management literatures.
Introduction
The marketing, economics, and operations management literatures have recognized many ways in which a firm can price discriminate. Examples include product line pricing (e.g., BMW 3 and 5 series), damaged goods (e.g., Intel 486 SX and DX), intertemporal pricing (e.g., Talbot's semiannual sale), service queues (e.g., priority customer support), advance purchase discounts (e.g., airline, rail, and hotel tickets), and coupons (e.g., free-standing inserts). In these examples, firms offer a menu of choices at different prices and allow consumers to select the offer of their choice (i.e., second-degree price discrimination). For example, a customer who shops at Talbot's has the option of purchasing today at the regular price or waiting for the semiannual sale, where waiting may delay consumption or increase the risk that the product will become unavailable.
Given the numerous means available to price discriminate, the fundamental questions a firm faces are whether and how to optimally price discriminate. Within specific applications of price discrimination, the question of how to price discriminate has received considerable attention (e.g., how to price a product line), but much less attention has been paid to the question of whether it is optimal to price discriminate. Yet there are numerous instances where a firm does not offer multiple products, does not use intertemporal pricing, offers a single service queue, does not offer advance purchase discounts, or does not offer coupons.
In this paper, we show that three conditions are necessary for price discrimination to be profitable. Two of these conditions are well known in marketing and economics literatures: the monotone hazard rate and single crossing conditions. The third condition is that the percentage change in social surplus from product upgrades is increasing in consumers' willingness to pay. We refer to this as an increasing percentage differences condition. This condition depends on both consumer preferences and firm costs and is distinct from the single crossing property, which focuses only on consumer preferences, and the monotone hazard rate, which focuses on the distribution of consumer types. We present a model in which a firm chooses the prices and qualities of the products it sells, and show that the model seamlessly extends to other forms of price discrimination. We relate the increasing percentage differences condition to existing results in the literatures on product line pricing, intertemporal pricing, damaged goods, and priority service queues. With a single unifying condition, we are able to both replicate and generalize existing results from these literatures.
Our analysis explicitly recognizes the importance that quality constraints play in the profitability of price discrimination, which has not been previously recognized in these literatures. Upper bounds on quality are a natural assumption in many models of price discrimination for at least two reasons: First, firms are endowed with a given product technology or service level, which bounds the maximum level of quality. For example, past research and development investments limit the fastest processor that Intel can offer. Second, and perhaps more importantly, the technologies available for lowering product quality (e.g., coupons, travel restrictions, disabling product features, and delaying delivery times) are often much richer and more diverse than the technologies available for raising quality. We show that quality constraints are essential because when there are no bounds on quality then the increasing percentage differences condition is always satisfied.
Before we proceed, it is important to note that we take only one of many potential views on what constitutes price discrimination. To explain our view, we first ask, "What would a firm offer if it could directly, or perfectly, segment its customers?" Our model assumptions guarantee that in this situation a firm would offer all customers the same product or service, but at different prices. The ability to perfectly segment its customers means that there is no leakagecustomers are unable to purchase at lower prices intended for other customers. We then ask, "What would a firm offer if it could only indirectly, or imperfectly, segment its customers?" In this case, the price the firm can charge to each segment is constrained by its customers' willingness to buy the product that it is offering for its other segments. If the firm chooses to offer multiple products we interpret this as price discrimination. This definition of price discrimination is appealing because it corresponds to asking whether the solution to the monopolist's problem is separating or pooling. However, this definition is not always appropriate. For example, when a firm sells different quantities to consumers using uniform pricing, this is not considered price discrimination even when it induces separation.
The remainder of this paper is organized as follows. In §2, we offer a simple example with two types of consumers and two exogenously given product qualities to illustrate the intuition of our increasing percentage differences condition. We extend this example to a monopolist selecting two product qualities subject to an upper bound on quality. Section 3 considers the more general problem in which a monopolist sells to a continuum of consumers and shows that our increasing percentage differences condition is sufficient for price discrimination to be optimal, and that decreasing percentage differences is sufficient for a single price strategy to be optimal. Section 4 relates our increasing percentage differences condition to the literatures on product line pricing, intertemporal price discrimination, damaged goods, and priority service queues. In §5, we conclude the paper with a brief summary and a discussion of when it is reasonable to expect functions to satisfy either our increasing or decreasing percentage differences condition.
Two Consumer Types
Consider a single firm that chooses the quality q and the price p q of its products. Buyers demand a single Example of the Two-Type Case
Quality
Note. For a given q, the area below the V q represents the consumer's willingness to pay, the area below c q represents the firm's production cost, and the difference is the surplus created.
unit of the good and their willingness to pay, V q , is a function of the product quality q and the buyers' type . There are n L buyers of type L and n H buyers of type H . Given the prices, buyers purchase the product that maximizes their consumer surplus, V q − p q . The firm's unit cost is c q . Let S q = V q − c q denote the total surplus from selling a product of quality q to a single buyer of type . We assume that V and c are continuously differentiable with respect to q, that V q / q = V> 0, and that c≥ 0. Finally, we assume V 0 − c 0 ≤ 0, ∀ , so the firm will always choose a strictly positive quality for its products.
Two Exogenous Products
We first consider a simple example in which the firm chooses whether to sell either one or two products with exogenous qualities, q andq. We assume that buyers of type H are willing to pay strictly more than buyers of type L , i.e., V q H > V q L , ∀ q. Furthermore, we assume that the total surplus is strictly positive for both buyer types and that the total surplus is strictly greater for productq than for product q. Therefore, a social planner would produce just the high quality productq and sell it to both types. Given our assumptions, the only reason for the firm to offer both products is to extract more surplus from the buyers (i.e., to price discriminate).
A necessary condition for the firm to want to price discriminate is that buyers of type H are willing to pay more for an increase in product quality than buyers of type Figure 1 depicts an example with this property. 1 Buyers of type H are willing to pay A + B
(in addition to the extra cost) for the higher quality, but buyers of type L are only willing to pay A (in addition to the extra cost).
If the firm depicted in Figure 1 served all consumers with a single qualityq at a single price, it would charge V q L and earn C + A on each sale. The type H buyers would capture surplus D + B, whereas the type L buyers would capture zero surplus. If, instead, the firm chose to offer both a high and a low quality product, it would charge V q L for the low quality product (and earn C on each sale) and V q L + V q H − V q H for the high quality product (and earn C + A + B on each sale). So relative to selling a single good to all consumers, it would forgo A on each sale to a low type but gain an additional B on each sale to a high type. So the firm's profits would increase as long as Bn H > An L or A/ A + B < n H / n L + n H .
If the firm depicted in Figure 1 served only the hightype buyers, it would charge V q H and earn A+B + C + D on each sale. The high-type buyers would capture zero surplus. If, instead, the firm chose to offer both high and low quality, its profits would increase as long as the profit earned on the new low-type buyers covered the lower margin on hightype buyers, that is, Cn L > Dn H or C/ C + D > n H / n L + n H .
It follows that the firm is willing to offer both products if and only if C/ C + D > n H / n L + n H and A/ A + B < n H / n L + n H , and is willing to offer both products only if C/ C + D > A/ A + B or A + B / C + D > A/C. Hence both products are offered only if the ratio of the high-type buyers' total surplus to the low-type buyers' total surplus is increasing in quality. Equivalently, the incremental surplus from an increase in quality as a percentage of the total surplus must be increasing in the buyers' type. We call this condition increasing percentage differences.
More formally, if f x 1 y − f x 2 y /f x 2 y is increasing in y for all x 1 > x 2 , then f satisfies increasing percentage differences. Also, if either f x 1 y /f x 2 y or ln f x 1 y − ln f x 2 y is increasing in y for all x 1 > x 2 , then f satisfies increasing percentage differences. Because of the close relationship to supermodularity, the increasing percentage differences condition is more often referred to as log supermodularity, and its opposite as log submodularity, and we will use these terms extensively throughout the paper. Finally, note that if f x y is continuously differentiable, then f x y is log supermodular if and only if f xy f − f x f y > 0.
as continuous functions satisfying V< 0, and c> 0, that is, V q slopes down and c q slopes up. Second, we treat the area under the functions V q as the total willingness to pay, and the area under the function and c q as total cost, so in the figure we are also implicitly assuming V 0 H = V 0 L = 0 and c 0 = 0.
A simple numerical example illustrates the increasing percentage differences condition. Suppose c q = 2, c q = 4, V q H = 16, V q H = 8, V q L = 10, and V q L = 5, then upgrading quality doubles social surplus for both consumer types: 16 − 4 / 8 − 2 = 2 versus 10 − 4 / 5 − 2 = 2. Because the percentage increase is the same, price discrimination neither increases nor lowers profits. But, if type H 's valuation for the high quality product is slightly higher, V q H > 16, or the cost of high quality is slightly higher, c q > 4, then the increasing percentage differences condition holds and price discrimination increases profits. The example also illustrates that a large disparity in consumers' valuations for a quality increase, in this case eight for type H and five for type L , does not by itself imply that price discrimination is profitable.
The above example demonstrates that the profitability of price discrimination depends on (i) buyers with higher valuations be willing to pay more for an increase in quality, (ii) the distribution of consumer preferences, and (iii) the increasing percentage differences condition or equivalently, the log supermodularity of the total surplus function. In the next section, we formalize the role of quality constraints and show that the increasing percentage differences condition is always satisfied when quality is unconstrained.
Two Products with a Quality Constraint
We now consider a model in which the firm is free to choose the quality of its products, optimally subject to a constraint that quality be less than or equal to one. As before, we assume that V q H > V q L , ∀ q, so high-type buyers value the good more than lowtype buyers. We also assume V 1 − c 1 > 0 and V 1 −c 1 ≥ V q −c q , ∀ q < 1, so the high quality product is efficient for both types.
As discussed previously, price discrimination is only profitable if the marginal willingness to pay for quality is higher for the type H buyers. This is emphasized in the following lemma:
is weakly decreasing in and quality is constrained (i.e., q ≤ 1), then the firm never price discriminates.
The assumption about consumer preferences in Lemma 1 is the well-known single crossing property, which is distinct from our increasing percentage differences condition. When the single crossing property fails, it is not feasible to charge the high-type buyers a higher price by selling a lower quality good to the low-type buyers. The consumers who value the good more care less about quality, so prices that induce the high-type buyer to purchase the high quality good will also induce the low-type buyer to buy the high quality good (if the low-type buyer purchases at all). INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Additional information, including rights and permission policies, is available at http://journals.informs.org/.
And selling a lower quality good to the consumers who value the good more is not profitable because it lowers the gains from trade with the high-type buyers and does not increase the price the firm can charge to the low-type buyers. 2 Henceforth, we assume that Vis strictly increasing in , V− c< 0 and that Vis weakly increasing in . These assumptions guarantee that it is possible to sort consumers into different quality products at different prices but do not guarantee that this is profitable. The firm chooses the quality levels, q L and q H , and the prices, p L and p H , to maximize its profit subject to the consumers' incentive compatibility and participation constraints. This problem can be written as
and q L ≤ q H ≤ 1, where I is the indicator function (consumers purchase only if their surplus is nonnegative). Clearly, any solution to (1) satisfies q H = 1. Suppose the firm chooses to serve both buyer types. It follows that the type L buyer pays p L = V q L L for quality q L ≤ 1, and the type H buyer pays p H = V 1 H − V q L H − V q L L for quality q H = 1. The firm's choice of quality,q, for the type L buyers solves
The associated first-order condition,
is clearly continuous and differentiable. Because V− C< 0 and Vis weakly increasing in , it follows that G q < 0. So (3) uniquely definesq ∈ 0 1 if and only if G 0 > 0 and G 1 < 0. So selling different products to both types of buyers dominates selling a single product to both types of buyers if and only if G q = 0 for someq ∈ 0 1 .
Selling different products to both types of buyers dominates selling a single product to just the type H buyers if and only if
Equation (4) and V 0 − c 0 < 0, ∀ imply G 0 > 0, so when (4) holds, G q = 0 for somê q ∈ 0 1 is equivalent to G q for someq < 1, or simply, G 1 < 0. So price discriminating dominates both selling a single product to just the type H buyers and selling a single product to both the type L and the type H buyers if and only if (4) holds for someq < 1, and G 1 < 0, or
Equations (4) and (5) both hold if and only if
for someq < 1, so a necessary condition for price discrimination to be optimal is
is decreasing in , and it follows that
for all q < 1, so (8) cannot hold. If S q is everywhere log supermodular, then it follows that S q H /S q L is increasing in q and S q 1 /S 1 is increasing in , and it follows that (8) does hold. This implies:
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then the firm will offer multiple qualities if V q − c q is everywhere log supermodular and n H / n H + n L ∈ N * q . If V q − c q is everywhere log submodular, then the firm offers a single product quality.
This result is perfectly consistent with a two-type version of Mussa and Rosen (1978) . In particular, if the quality constraint does not bind, then q * H = 1 implies V q 1 H − c q 1 = 0, and V q − c q is log supermodular at q = 1. In the absence of a quality constraint, there always exists a distribution of consumer types such that the firm will price discriminate. 3 The endogenous quality model emphasizes the importance of the quality constraint in models of price discrimination. Absent a constraint on quality, the firm would match the quality of its products to consumers' needs. But, when quality is constrained, price discrimination may not be profitable because it is more likely that the efficient quality is the same for all consumers.
When quality is constrained, we again see that three conditions are necessary for price discrimination to be profitable. First, the surplus function must be log supermodular (increasing percentage differences). Second, consumer preferences must satisfy the single crossing condition. Third, there must neither be too few nor too many low-type consumers. If there are two few low valuation consumers, the firm sells only to the high valuation consumers, and if there are too many, the firm chooses to sell the same product to both the low and high valuation buyers.
Welfare
We focus on a specific aspect of welfare: Does price discrimination lead to a Pareto improvement? Both Deneckere and McAfee (1996) and Anderson and Song (2004) showed that indirect, or second-degree, price discrimination could lead to a Pareto improvement. A necessary condition for a Pareto improvement is that price discrimination increases the number of buyers served.
We first characterize necessary and sufficient conditions for a Pareto improvement to occur when there are two types of buyers. A Pareto improvement occurs when both types of buyers are served when price discrimination is feasible, but only the high-type buyer is served when price discrimination is banned.
Figure 2
Welfare Analysis Both qualities offered Pareto improvement
The welfare impact of price discrimination as a function of fraction of high-type buyers in the market.
(If both types are served without discrimination, then any profitable discrimination makes the high-type buyers worse off.) From Proposition 1, when V − c is log supermodular, the range of n H / n L + n H for which price discrimination is optimal is
and when price discrimination is banned, it is optimal to sell only to the high-type buyers when
which implies:
Proposition 2. Given two consumer types, if V q − c q is log supermodular in a neighborhood of q = 1, n H / n H + n L ∈ N * , and n H / n H + n L > V 1 L − c 1 / V 1 H − c 1 , then offering multiple qualities results in a Pareto improvement.
The conditions in Proposition 2 are illustrated graphically in Figure 2 and make it clear that a Pareto improvement is more likely when there are a moderate number of high-type consumers. This occurs whenever a firm shifts from selling to only hightype consumers at a uniform pricing to selling multiple qualities at different prices. Type H consumers enjoy a lower price for the same level of quality, and type L consumers now have access to an affordable low price, or, low quality product, or both.
Continuous-Consumer-Type Model
In this section, we analyze a more general model in which there are a continuum of heterogeneous buyers. Buyers' types, , are distributed with probability distribution f and a continuous cumulative distribution F on the interval ¯ . We assume that J = 1 − F /f is monotonically decreasing, that is, that the distribution F has a monotone hazard rate. Consumers maximize their consumer surplus, equal to V q −p q . We assume that V > 0, V q > 0, V > 0, and V < 0 for all q ∈ 0 1 and ∈ ¯ . The firm can produce products of any quality, q, at a unit cost of production c q , subject to INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
the constraint that q ≤ 1. Let S q = V q − c q denote the total surplus function. We assume that S 0 < 0 for all , so the firm always chooses a strictly positive quality, and that S< 0. Finally we make the technical assumptions on S (or equivalently, on V ) that S≥ 0 and S q ≤ 0, though it is sufficient to assume that Sand S q are both small.
We assume that consumers with greater willingness to pay value an increase in product quality more than other consumers. That is, V q > 0 for all q ∈ 0 1 and ∈ ¯ , which implies that the solution, * L q * , to the social planner's problem,
is a nondecreasing function. We also assume that * L > , which implies that it will never be optimal for the firm to sell to all of the consumers. Note that S< 0 implies that q * is uniquely defined by the first-order conditions of the Lagrangian associated with (13).
The firm chooses p q to maximize its profits. Without loss of generality we assume that the firm uses a direct revelation mechanism, q p . Because of the incentive constraints, the firm can only implement mechanisms that serve every consumer in some interval L ¯ , so we can write the firm's problem as
subject to the incentive compatibility constraints, q ∈ arg max q≤1 V q − p q , ∀ , the participation constraints, max q V q − p q ≥ 0, ∀ ≥ L , and the quality constraint, q ≤ 1, ∀ . Using standard methods (see Fudenberg and Tirole 1991 , Myerson 1991 , Hermalin 2006 , and the Technical Appendix, which is provided in the e-companion 4 ), we simplify the firm's problem as follows:
Lemma 2. The firm's problem can be written as
subject to the constraints that q is nondecreasing and q ≤ 1 for all .
Let X q ≡ S q − J S q be the integrand of the firm's objective function. Ignoring the constraint that q is nondecreasing, the solution, q L , obtained by pointwise constrained 4 An electronic companion to this paper is available as part of the online version that can be found at http://mansci.journal.informs. org/.
maximization, is implicitly defined by
where the Lagrangian multiplier, , is strictly positive if q = 1 and 0 otherwise; and by
Using the implicit function theorem, (16) implies that q is either strictly increasing or equal to one for all if X< 0 and X q > 0, both of which follow from our stated assumptions on S and J . So the assumption that the first constraint does not bind is without loss of generality. Also, by the envelope theorem the total derivative of X with respect to is 1 − J S − J S , which is strictly positive since J < 0, S = V > 0 and S = V < 0. So (17) 
and Equations (16) and (18) imply that a necessary condition for q < 1 (and equivalently,
or equivalently, that S q is log supermodular at q . Summarizing, we have:
Proposition 3. If S q is log submodular for all q < 1 and all , then the firm's optimal strategy is to produce a single product, i.e., q = 1 for all .
It also follows that q < 1 for some if S q is log supermodular in a neighborhood of 1 . Equations (16) and (17) imply
The right-hand side of (21) is nonpositive, so if S q is log supermodular at 1 L , (21) implies q L < 1. That is, the firm produces multiple products. 5 Formally we state this result as follows:
Proposition 4. If S q is log supermodular at 1 for all , then the firm's optimal strategy is to produce multiple products, i.e., q is strictly increasing for some .
As in the two-product model, Propositions 3 and 4 are perfectly consistent with Mussa and Rosen (1978) , Moorthy (1984) , and related papers on firms' product line decision without a quality constraint. If the quality constraint q ≤ 1 never binds, that is, if S q 1 ≤ 0 for all , then S q 1 S 1 ≤ 0. This implies S is log supermodular at 1 for all and the firm produces multiple products. On the other hand, when the constraint is strictly binding then the efficient quality for every consumer is the same. So the firm offers multiple products only as a mechanism for increasing its profits. In this case, it isn't always profitable to price discriminate.
We complete our analysis by briefly considering the case in which consumers with greater willingness to pay value an increase in product quality less than other consumers, that is V q < 0. If the single crossing property fails and the quality constraint binds, then a firm is unable to profitably price discriminate.
Offering a lower quality product to the consumer with a greater willingness to pay is never profitable. Once again, this emphasizes the role of the quality constraint because price discrimination would still be profitable absent the constraint. 6 The other important necessary condition is that the distribution of consumer types satisfies the monotone hazard rate property. At first glance, this assumption appears far less restrictive than the analogous assumption in the two-type model because the monotone hazard rate property is satisfied for many distributions. However, this is misleading because we are also assuming that the distribution is continuous (i.e., no mass points). Continuity together with the monotone hazard rate precludes bunching of consumers at q < 1. We recognize that the bunching of consumers may provide another rationale for uniform pricing and that our results are limited to distributions that satisfy the monotone hazard rate condition. 7 Also, it is important to emphasize that not all functions are everywhere log supermodular or everywhere log submodular, so some functions may not be covered by Propositions 3 or 4. We elaborate on this point in the conclusion.
The welfare results in the continuous-type case are more subtle than in the two-type model. Suppose all 6 Formally, the firm's problem can be written as (15) subject to the constraints that q is nonincreasing and q ≤ 1 for all . Equations (15) and (16) follow, but now X q < 0, so q is either strictly decreasing or equal to one for all . Equations (17)-(19) also follow, but since S q < 0, S q is log submodular and the firm always produces a single product. 7 In many other models the monotone hazard rate assumption prevents bunching. In our model, even with this assumption, bunching still occurs at q = 1. However, the monotone hazard rate assumption prevents bunching between q L and 1. That is, if type purchases product q and q < 1, than no other consumer purchases the same product. buyer types > * are served under uniform pricing. If fewer consumers are served under price discrimination than under uniform pricing, then price discrimination cannot be a Pareto improvement. But, if the market expands and more customers are served, then it seems plausible that price discrimination could be Pareto improving. Although it is clear that all consumer types ≤ * are weakly better off with price discrimination, consumers with types > * may or may not be better off. Establishing sufficient conditions for a Pareto improvement in the continuous-type model remains a task for future work.
Applications
Although our results are developed in the context of product line pricing, they readily generalize to other types of indirect, or second-degree, price discrimination. These include versioning information goods (Varian 1995 (Varian , 2001 Shapiro and Varian 1998; Choudhary 2001, 2008) , advance purchase discounts (Shugan and Xie 2001; Holmes 1992, 1993) , and coupons (Anderson and Song 2004 , Nevo and Wolfram 2002 , Gerstner and Hess 1991 . In this section, we illustrate the relevance of our increasing percent differences condition (i.e., log supermodularity) by revisiting some important contributions in the price discrimination literature on product line pricing, intertemporal pricing, damaged goods, and priority queuing systems.
Product Line Price Discrimination
Our model is directly applicable to an extensive literature in marketing on product line design. Much of this literature has focused on the question of how to optimally price a product line (Reibstein and Gatignon 1984 , Dobson and Kalish 1988 , Moorthy 1984 , Zenor 1994 or how to develop an optimal quantity discount schedule (Oren et al. 1984) . These papers begin with the premise that offering a product line or quantity discount is optimal and then tackle the question of pricing. In contrast, our paper seeks to address the question of whether to offer a single product or a product line.
We illustrate how our log supermodularity condition relates to Villas-Boas' (1998) research on product line design in a channel. We relate Propositions 1 and 2 from Villas-Boas (1998) to our increasing percentage differences condition, then derive a corollary that provides a necessary condition for product line price discrimination in a vertical channel.
Villas-Boas (1998) considers a vertical channel with a single manufacturer and a single retailer and investigates how vertical channel incentives affect the product line offering. For a given set of manufacturer product qualities,q and q, and manufacturer prices, INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
and , the problem faced by the retailer is identical to the problem faced by the firm in our model. The retailer faces consumers with valuations V q , where q ∈and ∈ ¯ . There are consumers of type and 1 − consumers of type¯ .
Proposition 1 of Villas-Boas (1998) shows that if a naive manufacturer offers a product line that is optimal for the vertically integrated channel, then the retailer does not adopt both qualities (i.e., retail price discrimination is not profitable). To relate this finding to our model, note that the manufacturer offers productq at price = V q H − V q H + V q L and product q at price = V q L . This implies that S q = V q − is log submodular, which is readily seen from Equation (8). The numerator on the right-hand side of Equation (8) is zero and so the surplus function is always log submodular.
Proposition 2 of Villas-Boas (1998) characterizes conditions for a retailer to adopt both manufacturer products (see Equations (3) and (4) in Villas-Boas 1998). It is straightforward to show these conditions are equivalent to the conditions Bn H > An L and Cn L > Dn H in our two consumer-type example and imply log supermodularity as a necessary condition.
More generally, our increasing percentage differences condition implies the following corollary:
Corollary 1. In a vertical channel with one manufacturer and one retailer selling two products, the manufacturer's qualities,q and q, and wholesale prices, and , must satisfy
for a retailer to offer the full product line.
Intertemporal Price Discrimination
Another common type of price discrimination is intertemporal discounts. Firms charge higher prices to their less patient customers and lower prices to their more patient customers simply by decreasing price over time. We illustrate how our results relate to two seminal papers in this literature: Stokey (1979) and Salant (1989) . Stokey (1979) considers a monopolist with unit cost of production k t = t selling to consumers with utility functions U t = t . A well-known result from this model is that intertemporal price discrimination is never optimal. We now show that this important result follows immediately from Proposition 3.
A monopolist chooses a menu of prices paid at time 0 and delivery times, subject to the constraint that t ≥ 0, to maximize profits. Similar to Salant (1989) , we use a change of variables, q = t , so that V q = q and costs c q = cq. With this transformation, the firm's problem is to choose the profitmaximizing menu of prices and qualities subject to the constraint that q ≤ 1. Clearly, V q − c q = q − cq is not log supermodular, and q = 1 is the optimal quality for all . So by Proposition 3, intertemporal price discrimination is never optimal, even though it is clearly feasible. Salant (1989) sought to explain the apparently contradictory findings that product line price discrimination is always optimal (Mussa and Rosen 1978) and that intertemporal price discrimination is not optimal (Stokey 1979 ). Salant's was the first paper to emphasize that upper bounds on quality may cause firms to forgo price discrimination. Salant (1989) made it easier to see that intertemporal price discrimination is optimal with more general cost functions, such as k t = t t . After a change of variables, this implies c q = log q/log q, and Salant showed that c> c q /q was a necessary condition for price discrimintaion. To relate this to our model, we note that the surplus function, V q − c q = q − c q , is log supermodular if and only if c> c q /q. So if the marginal cost of quality is positive and greater than the average cost of quality, then intertemporal price discrimination is profitable.
Proposition 1 implies the following corollary, which generalizes Salant's (1989) sufficient conditions for price discrimination:
Corollary 2. If V q = q and if c> c q /q for all q ∈ 0 1 then offering multiple products is optimal if and only if n L and n H satisfy
whereq is given by (10).
In the Supplemental Appendix (provided in the e-companion), we show that the conditions in Salant (1989) can also be stated in terms of the fraction of high-type buyers in the market. The lower bound in (22) is equivalent to Salant's condition, but the upper bound in (22) is strictly greater than Salant's upper bound. In the Supplemental Appendix, we prove that our sufficient conditions are weaker than Salant's sufficient conditions. In addition, we show that Propositions 3 and 4 enable us to generalize Salant's results for discrete types to a market with a continuum of consumer types.
Price Discrimination with Damaged Goods
A damaged good is one for which c≤ 0, that is, it is weakly more expensive to produce lower quality goods. Deneckere and McAfee (1996) derive conditions for optimal price discrimination with damaged goods and demonstrate that it can be both profitable and Pareto improving to offer a damaged good. They assume a continuum of types with unit demands and INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
restrict attention to two product qualities, q L and q H . Consumers have quasilinear utilities V q H = and V q L = . The necessary and sufficient condition derived by Deneckere and McAfee (1996) is a special case of our more general condition. Specifically, in Deneckere and McAfee's model 
To see how this is related to the condition derived by Deneckere and McAfee, note that the price a single product firm would charge is p
which is the necessary and sufficient condition for the provision of damaged goods derived by Deneckere and McAfee (1996) . 8
Price Discrimination with Priority
Queuing Systems Much of the research on priority queuing systems focuses on using them to increase efficiency, but more recent work has emphasized their ability to price discriminate. Afèche (2006) shows that a profitmaximizing firm may be able to benefit from a strategy of deliberately delaying delivery to some consumers in order to increase the price it can charge to others. He considers a model in which type x ∈ x 1 x 2 consumers derive value U x t = − xt from consuming the good delivered with delay t (Afèche allows to be stochastic, but independently distributed). Doing a change of variables, = −x and q = t , yields V q = v + ln q/ln , which is always log supermodular (and satisfies V > 0, V q > 0 and V q > 0). It follows from Proposition 1 that as long as there are enough consumers of each type, and no other source of delay, the firm would always find it profitable to offer the low customer a product that is deliberately delayed as this increases the price it can charge the high value customer. However, in Afèche's (2006) paper, demand uncertainty and congestion are major reasons for delays, so the conditions under which deliberate delay is profitable are more restrictive.
The queuing system literature has considered many models in which this price discrimination strategy would not be profitable. In the Supplemental Appendix, we use our results to show that deliberate delay is not profitable in the queuing models of Afèche and Mendelsen (2004) and Van Mieghem 8 McAfee (2006) extends Deneckere and McAfee (1996) and explicitly identifies the increasing percentage differences condition as a necessary condition for a damaged goods strategy to be profitable. (2000) . More generally, although deliberate delay is potentially profitable, whether it is profitable depends on the precise model specification. Our results contribute to the literature on using queuing systems as a mechanism for price discrimination by showing that log supermodularity of the surplus function is a necessary condition (and in the absence of congestion delays, a sufficient condition) for deliberate delay to be profitable.
Conclusion
Even when price discrimination is feasible, a firm may forgo this option because it is unprofitable. A firm may choose to sell a single version of their product, choose a price that is constant over time, choose to serve all consumers with a single queue, choose not to offer advance purchase discounts, or choose not to offer coupons. In this paper, we identify three conditions that determine whether these forms of price discrimination are profitable. The first two conditions (i.e., single-crossing condition and monotone hazard condition) are well known in the literature and standard assumptions in models of price discrimination. Derivation of the third condition, which we refer to as an increasing percentage differences condition, is a key contribution of this paper. The condition focuses on the total surplus available in a transaction and, as such, integrates both supply side and demand side conditions that are necessary for price discrimination. We illustrate the relevance of this condition by revisiting some important contributions in the price discrimination literature on product line pricing, intertemporal pricing, damaged goods, and priority queuing systems.
Our results show that log supermodularity of the surplus function affects whether it is profitable to price discriminate. The applicability of our results depends on whether the surplus function is everywhere log supermodular or everywhere log submodular. The applications section of this paper demonstrates that our results apply to many extant models of price discrimination. To illustrate that the results extend to many well-studied utility and cost functions, consider the following example. Let V q = a + q and c q = F + q b . We now show that the values of a, b, and F determine whether S q is everywhere log supermodular, everywhere log submodular, or neither. Assume as a base case that a = 0, b = 1, and F = 0; for the base case, S q is weakly supermodular and log submodular. Now consider four alternative cases:
Case 1. If a > 0 then S q is strictly log supermodular.
Case 2. If b > 1 then S q is strictly log supermodular. INFORMS holds copyright to this article and distributed this copy as a courtesy to the author(s).
Case 3. If F > 0, then S q is strictly log submodular.
Case 4. If b < 1 then S q is strictly log submodular.
Note, however, that there exist parameter values such that S q is log supermodular for some values of q and and log submodular for other values of q and (e.g., F > 0, a > 0), and in these cases Propositions 3 and 4 are less useful for deciding whether price discrimination is optimal.
Although our framework is quite general, there are some important limitations on our analysis. First, we consider only quasilinear utility. Second, we consider only a single dimension of consumer heterogeneity. And finally, we consider only monopoly pricing. Some generalizations to competition are possible (see Johnson and Myatt 2006 for one potential approach), but the most natural models of competition would have both dimensions of horizontal and vertical consumer heterogeneity (see Stole 2005) . The last two issues are important because empirical tests of the theory are likely to be performed on firm behavior in competitive environments.
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